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Abstract

I develop a matching model with heterogeneous workers, firms, and worker-firm
matches, and apply it to longitudinal linked data on employers and employees. Workers
vary in their marginal product when employed and their value of leisure when unem-
ployed. Firms vary in their marginal product and cost of maintaining a vacancy. The
marginal product of a worker-firm match also depends on a match-specific interaction
between worker and firm that I call match quality. Agents have complete information
about worker and firm heterogeneity, and symmetric but incomplete information about
match quality. They learn its value slowly by observing production outcomes. There
are two key results. First, under a Nash bargain, the equilibrium wage is linear in a
person-specific component, a firm-specific component, and the posterior mean of beliefs
about match quality. Second, in each period the separation decision depends only on
the posterior mean of beliefs and person and firm characteristics. These results have
several implications for an empirical model of earnings with person and firm effects.
The first implies that residuals within a worker-firm match are a martingale; the second
implies the distribution of earnings is truncated.

I test predictions from the matching model using data from the Longitudinal
Employer-Household Dynamics (LEHD) Program at the US Census Bureau. I present
both fixed and mixed model specifications of the equilibrium wage function, taking
account of structural aspects implied by the learning process. In the most general
specification, earnings residuals have a completely unstructured covariance within a
worker-firm match. I estimate and test a variety of more parsimonious error structures,
including the martingale structure implied by the learning process. I find considerable
support for the matching model in these data.



1 Introduction

Economists have long recognized that observationally indistinguishable workers employed in
seemingly identical firms earn different wages and have vastly different employment histories.
At best, observable worker and firm characteristics explain about 30 percent of wage varia-
tion. Numerous authors have addressed this issue, from a wide variety of perspectives. One
branch of early empirical work focused on the role of unobserved heterogeneity on the part
of workers as a determinant of employment outcomes. Another considered the importance of
unobserved heterogeneity on the part of firms. Recent advances in the creation and analysis
of longitudinal linked data on employers and employees have brought together these diverse
literatures, and spawned a new one that examines the relative importance of unobserved
worker and firm heterogeneity as determinants of employment outcomes, e.g., Abowd et al.
(1999), and Abowd et al. (2002). This work has shown that most of the wage dispersion not
explained by observable worker and firm characteristics can be attributed to unmeasured
characteristics of workers and firms. Does this reflect productivity differences, rent-sharing,
or something else?

The purpose of this paper is twofold. The first is to provide a theoretical context in
which to conceptualize the source of worker and firm differences, and their role in determining
employment outcomes. To this end, I present a matching model with heterogeneous workers,
heterogeneous firms, and heterogeneous worker-firm interactions. Workers and firms are
imperfectly informed about the location of worker, firm, and match types. This precludes
the optimal assignment of workers to firms. I endogenize employment mobility via a learning
process. Workers and firms learn about the quality of a match by observing production
outcomes. I show that the Nash-bargained equilibrium wage is linear in a person-specific
component, a firm-specific component, and the posterior mean of beliefs about match quality.
Furthermore, the separation decision depends only on the posterior mean of beliefs about
match quality and worker and firm characteristics.

The second goal of this paper is to extend the empirical literature on heterogeneity
and labor markets. I apply the matching model to longitudinal linked data on employers
and employees. I present both fixed and mixed model specifications of the equilibrium wage
function predicted by the matching model, taking account of structural aspects implied by the
learning process. Specifically, the learning process implies that the distribution of observed
earnings is truncated, and that earnings residuals are a martingale. The latter implies a
specific non-zero covariance for earnings residuals within a worker-firm match. In the most
general empirical specification, I allow wage residuals to have a completely unstructured
covariance within-match. I estimate and test a variety of more parsimonious error structures,
including the martingale hypothesis of the matching model. I find considerable support for
these and other predictions of the matching model in the data.

The matching model is related to several established literatures. The first is the literature
on search and matching with heterogeneous agents. A recent survey is Burdett and Coles



(1999). In general, work in this area has focused on economies with heterogeneous workers
and heterogeneous worker-firm matches.! In general, firms employ only a single worker. Thus
there is no need to separately model heterogeneity at the firm and match level. In contrast,
I model an economy in which firms employ many workers, and introduce an exogenous
firm-specific technology that affects the marginal product of all its employees. A similar
approach is taken by Postel-Vinay and Robin (forthcoming), who present a dynamic search
model with heterogeneous workers and firms that employ many workers. Unlike the model
presented here, their workers are equally productive in every firm. Their work is exceptional,
however, in its empirical application of the search model to longitudinal linked data.

A second related literature concerns learning in labor markets. Work in this area has
provided new interpretations of important characteristics of labor market data, such as the
returns to tenure and the increase in the variance of earnings with labor market experience.
The seminal Jovanovic (1979) matching model considered the case where identical workers
and firms learn about the quality of a match. Harris and Holmstrom (1982) and Farber and
Gibbons (1996) present models where workers and firms learn about a worker’s unobservable
ability, which is correlated with observable characteristics. Gibbons et al. (2002) extend
this framework to the case of an economy with heterogeneous sectors (e.g., occupation or
industry), and where workers exhibit comparative advantage in some sectors.

The empirical portion of the paper draws heavily on recent work by Abowd et al. (1999),
Abowd and Kramarz (1999), and Abowd et al. (2002), and the extensive statistical literature
on mixed models. Abowd et al. (1999) and Abowd et al. (2002) develop and estimate linear
wage models with fixed person and firm effects. Abowd and Kramarz (1999) describe but
do not estimate the mixed model specification, where person and firm effects are treated as
random. Excellent references on mixed model theory are Searle et al. (1992) and McCulloch
and Searle (2001).

The remainder of the paper is structured as follows. I present the matching model in
Section 2. Section 3 develops the econometric specification. Section 4 gives a detailed
description of the data. Section 5 presents the results, and Section 6 concludes.

2 A Matching Model with Heterogeneous Workers, Firms,
and Worker-Firm Matches

The economy is populated by a continuum of infinitely-lived workers of measure one. There
is a continuum of firms of measure ¢. All agents are risk neutral and share the common
discount factor 0 < # < 1. Time is discrete.

'Examples include Stern (1990), Sattinger (1995), Shimer and Smith (2000), and Shimer and Smith
(2001). Albrecht and Vroman (2002), Gautier (2000), and Kohns (2000) develop models with exogenous
heterogeneity on one side of the market, and endogenous heterogeneity on the other.



Workers are identified by the continuous index 7. In each period, workers are endowed
with a single indivisible unit of labor that they supply to home production or production in
a firm. They are heterogeneous in their marginal productivity when employed, denoted a;.
I will refer to a; as worker quality. Assume

a; ~ F, iid across workers (1)

where F, is a probability distribution known to all agents, and with support [a,a]. Note
a; is not a choice variable, and there is no human capital accumulation over the life cycle.
Workers are heterogeneous in the value of home production when unemployed, denoted
h; € R.2 Assume a; and h; are exogenous, known to the worker, and observable to the firm
when worker and firm meet. Workers seek to maximize the expected present value of wages.
Workers can be employed at only one firm each period.

Firms are identified by the continuous index j. They employ many workers. Firms operate
in a competitive output market and produce a homogeneous good. The price of output is
normalized to 1. Output can only be produced by a worker matched to a firm. Thus firms
own some unmodeled input that is essential for production. Firms seek to maximize the
expected net revenues of a match: the value of output minus a wage payment to the worker.

Firms are heterogeneous in their technology, denoted b;, which affects the marginal pro-
ductivity of all their employees. Assume b; has support [5, Q] and

b; ~ F} iid across firms (2)

where Fj, is a probability distribution known to all agents. I will refer to b; as firm quality.
Firms are heterogeneous in their cost of maintaining a vacancy, denoted k; € R. Assume
that firms know their own values of b; and k;, and that these parameters are observable by
the worker when worker and firm meet. Both b; and k; are exogenous. Firms incur cost ¢ (;)
to hire /; workers in the current period. Assume c is continuous, increasing, and convex.
Unemployed workers are matched to firms with open vacancies. Search is undirected.
The total number of matches formed in a period is given by m (u,v) where u is the number
of unemployed workers in the economy, and v is the number of open vacancies. Both u and v
are determined endogenously. Assume m is non-decreasing in both u and v. The probability
that a randomly selected unemployed worker will be matched to a firm in the current period
is m = m (u,v) /u. Similarly, the probability that a randomly selected vacancy will be filled
is A = m (u,v) /v. With a large number of workers and firms, all agents take v and v as
given.
Worker-firm matches are heterogeneous in their marginal productivity, denoted c;;. As-
sume
cij ~ N (0,02) iid across matches. (3)

2 Assume for simplicity that h; includes all search costs, the value of leisure, etc.



I call ¢;; match quality and use F. to denote the normal distribution function in (3). The
normality assumption follows Jovanovic (1979) and others. Match quality ¢;; is unobserved.
The worker and firm learn its value slowly. When a worker and firm first meet, they observe
a noisy signal of match quality z;; = ¢;; + 2;; where

zij ~ N (0,02) iid across matches. (4)

Let F, denote the normal distribution function in (4) . The worker and firm form beliefs about
the value of ¢;; on the basis of a prior and the signal z;;. They subsequently update their
beliefs about ¢;; on the basis of output realizations. Prior beliefs and the updating process
are discussed in Section 2.1. Note that information is incomplete, since ¢;; is unobserved, but
is symmetric. That is, the worker and firm both know a; and b; and have common beliefs
about ¢;;.

Output is produced according to the constant returns to scale production function:

Qijr = P+ a; + bj + iy + €ijr (5)

where 7 indexes tenure (the duration of the match), p is the grand mean of productivity
(known to all agents), and e;j, is a match-specific idiosyncratic shock. As a normalization, I
use tenure 7 = 1 to refer to the period in which the match forms, i.e., before any production
has taken place. Assume

eijr ~ N (0,02) iid across matches and tenure. (6)

The linear production technology (5) generalizes that of Jovanovic (1979) to the case of

heterogeneous workers and firms in a discrete time setting. Since a;, b;, and p are known,

agents extract the noisy signal of match quality c;; + e;;; from production outcomes g;;.
Within-period timing is as follows:

1. Unemployed workers are randomly matched to a firm with an open vacancy. Upon
meeting, agents observe a;, b;, and the signal x;;.

2. Workers and firms decide whether or not to continue the match. The continuation
decision is based on all current information about the match: a;, h; b;, k; and current
beliefs about ¢;;. The current period wage w;;- is simultaneously determined by a Nash
bargain.

3a. If agents decide to terminate the match, the worker enters unemployment and receives
h;. The firm incurs vacancy cost k;.

3b. If agents decide to continue the match, output g¢;;- is produced and observed by both
parties. Agents then update their beliefs about ¢;; and the negotiated wage is paid to
the worker.



4. Firms open new vacancies v;.

Assume that reputational considerations preclude agents from reneging on the agreed-
upon wage payment.

2.1 Beliefs About Match Quality

Assume agents’ prior beliefs about a;, b;, ¢;j, 2i;, and e;;, are governed by equations (1), (2),
(3), (4), and (6). Recall a; and b; are learned when the match is formed. Agents update
their beliefs about match quality using Bayes’ rule when they acquire new information, i.e.,
upon observing the signal z;; and production outcomes ¢;j.

After observing the signal z;;, worker and firm posterior beliefs about ¢;; are normally
distributed with mean m,;; and variance s? where

o
mij1 = Ty 02+02 (7)
2 2
9 0.0
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In each subsequent period that the match persists, the worker and firm extract the signal
cij + €ijr from observed output ¢;;,. Hence at the beginning of the 7" period of the match
(that is, after observing 7 — 1 production outcomes), worker and firm posterior beliefs about
match quality are normally distributed with mean m;;, and variance s2, where
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Clearly the evolution of s? is deterministic and does not depend on the value of the signals
received. Equation (9) says that the updated posterior mean of beliefs m;;, is a precision-
weighted average of the prior mean m,;,—; and the signal ¢;; + €;;,—1. Since the precision
of signals (1/0?) is constant but the precision of beliefs (1/s?) increases with tenure, it
follows that each new signal is given successively smaller weight in the updating process.
Asymptotically,

lim s2 = 0 (12)



which is a standard result for Bayesian learnings with “correct” priors (see e.g., Blume and
Easley (1998)). These two equations imply that asymptotically, beliefs converge to point
mass at true match quality.

In what follows, it will be of interest to describe the distribution of beliefs in the popula-
tion. It is a standard result that the unconditional distribution of m,;, is normal with mean

zero and variance V., where
1 -1
v;::sza§< + 1 >. (13)
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With a little algebra, one can show V,.; > V. for all 7 > 0. That is, the variance of the
posterior mean of beliefs about match quality increases with the number of signals received.

Denote the complete set of tenure-7 information about the productivity of a match by
Qijr = (a;, bj, myjr, s2) . It is notationally convenient to describe the evolution of information
about the productivity of a match using a transition distribution F'(£2;;,41/€%j-) . Both a;
and b; are fixed, so the transition distribution describes the probabilistic evolution of m;; -41
given m;j,, and the deterministic evolution of s2,; given s2. It is straightforward to show
that

st
Mijr1|Qir ~ N (mijﬂ m) . (14)
T €
More generally, for any p > 7
s;(p—1)
mijp|QijT ~ N (mij'ra 32 (p — T) i 02) . (15)

Note that (14) and (15) imply the posterior mean of beliefs is a martingale. Conditional on
current information, expectations about future realizations of the random variable m;;, are
equal to its current value.

2.2 Match Formation, Duration, and Wages

In each period, wages are determined by a Nash bargain between the worker and the firm.
Since the Nash bargain is efficient, in each period the match continues only if the expected
joint surplus of the match is nonnegative. In evaluating the expected joint surplus of the
match, worker and firm expectations are taken with respect to tenure-7 information about the
productivity of the match, €;;. It follows that equilibrium wages map tenure-7 information
about the match into payments from firm to worker. To reflect this, I write the tenure-7
equilibrium wage as w;;, = w (£);;;) for each 7 > 0. I assume the function w is known to all
agents.

It is a consequence of the Nash bargain that w is an equilibrium function in the following
sense: it is chosen so that workers and firms agree about the set of acceptable job matches.?

3See Pissarides (1984).



It follows that for a match between worker ¢ and firm j that has lasted 7 periods, there is a
reservation level of beliefs about match quality, 7m;;-, below which the match dissolves and
above which the match continues.

In deriving the equilibrium wage and the expected joint surplus of the match, I use the
following notation: J [w (€2;,)] is the expected value to worker ¢ of employment at firm j
given the wage function w and information €2;;,; U; is the value of worker ¢’s outside option
(unemployment); II[w (€2;5,)] is the expected value to firm j of net revenues from a match
with worker i given w and €;;-; and V; is the value of firm j’s outside option (a vacancy).
At tenure 7, the match continues if and only if

J [w ()] + 1w (Qy7)] = Ui + V. (16)

When (16) is satisfied, the equilibrium wage w;;, = w (€2;;,) solves the Nash bargaining wage
condition

Jw (Qijr)] = Ui = 6 (J [w (Qijr)] + M w (7)) — Ui = Vj) (17)

or equivalently,
(1 =0) (J [w (Qir)] = Us) = 6 (I [w ()] = Vj) (18)

where ¢ is the exogenously given worker’s share of the joint surplus.

In solving for the equilibrium wage and employment condition, I use the following strat-
egy. First, I make two conjectures regarding the structure of equilibrium wages and em-
ployment. Then I characterize the various value functions under the assumption that the
conjectures are true. Finally, I show that equilibrium wages and employment satisfy the
two conjectures. Conjecture 1 greatly simplifies expectations over future values of w (€2;;,) .
Recall that m;;, and s2 are the posterior mean and variance of tenure-7 beliefs about match
quality, respectively.

Conjecture 1 The equilibrium wage offer function w is linear in m;;, and independent of
2
Sz
Conjecture 2 concerns the reservation level of beliefs about match quality, m,;,. We
shall see that as a consequence of the Nash bargain and the linearity property embodied in
Conjecture 1, the match terminates when the posterior mean of beliefs about match quality
falls below m;;..

Conjecture 2 The reservation level of beliefs about match quality, m;;-, is independent of
tenure. That is, m;j; = m;; for all 7 > 0.

I prove that Conjectures 1 and 2 are true in Propositions 6 and 7.
Before deriving the various value functions, I need to introduce some final notation. Let
Gy (x) = Pr(my;, < x|Qy;,) for p > 7. Then G, (my;,) is the subjective probability that



the match will terminate at tenure p, given tenure-7 information about the productivity of
the match. Note G, is just the normal distribution given by (15). I use E, to denote an
expectation taken with respect to tenure-7 information. Tenure-7 expectations of tenure
T+ 1 quantities are taken with respect to the transition distribution of information, denoted
F (Q4jr41/€j-) , defined previously.

2.2.1 The Worker’s Value of Employment and Unemployment

The expected value to worker ¢ of employment with firm j at wage w;j, = w (£2;;;) is today’s
wage payment plus the discounted expected value of employment next period, adjusted for
the possibility that the match terminates. That is,

Jw (Qjz)] = wijr + B[l — Gry1 (Myjra1)] Brd [w (Qijri1)] + BGri1 (Mijrgn) Us
= wijr + B[l — Gri1 (Mijri)] / Jw (Qijri1)] dF (Qijri|Qjr)
+B8G 11 (Mijr11) Ui (19)

When Conjecture 1 is true, Frw;j, = w;;, for all p > 7. When Conjecture 2 is also true,

E-J[w(Qijr1)] = Erwijepr + 81— Groa ()] E-Er 1 J [w (Qijrs2)] + BGri2 (M) Us
= Wijr + B[1 = Grpa (Mig)] Er J [w (Qijri2)] + BGrsa (M) Us. (20)

Forward recursion on (19) and (20) gives

Jw (Qijr)] = wiyr <1+ oIl -6, (ﬁw)])

s=7+1 p=7+1
00 s—1
+U Y 877G (my) [ [ =Gy (mi)). (21)
s=7+1 p=7+1

Equation (21) says that the expected value of employment is a weighted average of the
current wage and the value of unemployment. The weights are discounted employment and
separation hazards at each future tenure 7, given current beliefs about match quality.

Deriving the value of unemployment is rather tedious and not particularly instructive.
Thus I relegate it to Appendix A. When Conjectures 1 and 2 are true, the value of being
unemployed today and behaving optimally thereafter is

_ it pm (O, 87 [w (9) TToy [L — Gs ()] dF)
1= B(L—m) =720, B [ G- (miy) 121 [L — Gy (my)] dF,

where O, = (a;,b;,0, s7) reflects agents’ prior beliefs about match quality, and # = m (u,v) /u
is the probability that an unemployed worker is matched to a firm. There is no closed form

%

(22)

10



expression for U; under the general distribution F;, of firm quality.* The numerator in Equa-
tion (22) is the sum of the value of home production today and the discounted expected value
of employment in subsequent periods when the identity of the employing firm is unknown.
That is, before firm quality and the signal z;; are known. The denominator normalizes to
account for the possibility of re-entering unemployment at each future tenure.

In each period, workers are either unemployed or employed at a single firm. Let u; = 1
if worker 7 is unemployed, and zero otherwise. In each period, the number of unemployed in
the economy is simply u = fol w;di.

2.2.2 The Firm’s Value of Employment and of a Vacancy

I now turn to the firm’s value of employment. The value to firm j of employing worker i at
wage w;;r = w (£);5,) is today’s expected net revenues plus the discounted expected value of
employment next period, adjusted for the possibility that the match terminates. Thus,

Mw (Qjr)] = Ergijr — wigr + B 1 = Gryr (Mijryr)] B w (Qijria)] + BGrin (Mijryn) Vj
= p+a; +bj+ myr —wi;

+B1 = Gry1 (Mijrg1)] / I [w (Qijr1)] dF (Qijr41/825r) (23)

+0G 1 (Mijr41) Vi (24)

Applying Conjectures 1 and 2, forward recursion analogous to (20) and (21) gives

M w (Qjr)] = (14 a; +bj + mij, — wijr) (1 + >y [ -G, (mz‘j)]>

s=7+1 p=7+1
o) s—1
+V; D BTG (my) [ [0 =Gy (). (25)
s=7+1 p=71+1

Equation (25) says that the value of employing worker 7 is a weighted average of the expected
net revenues accruing to the match (expected output minus the current wage) and the value
of a vacancy. Like the worker’s value of employment, the weights are discounted employment
and separation hazards at each future tenure 7, given current beliefs about match quality.
I derive the value of a vacancy in Appendix A. When Conjectures 1 and 2 are true, this
is
v 6)‘ (23—0:1 67——1 f [Iu, + a; + bj —Ww (ngl)] H;—:l [1 — GS (mw)] dFa) — kj (26)
J 0o T _ T—1 _
1=B1 =X = A2, 67 [ Gy (miy) T[T [1 = Gs (miy)] dE,

4There is also no closed form expression for U; when firm quality is normally distribued. A closed form
may exist for other distributions.

11



where A = m (u,v) /v is the probability that a vacancy is filled. Like the worker’s value of
unemployment U;, there is no closed form expression for V; when worker quality is drawn
from the general distribution Fj,. The numerator in (26) is the discounted expected value
of employing a worker next period before the identity of the matching worker ¢ is known
(that is, before worker quality and the signal z;; are known) net of the cost of maintaining
the vacancy. The denominator normalizes the value to reflect the possibility of the match
terminating at each future tenure.

2.2.3 The Firm’s Decision to Open Vacancies

The production technology (5) implies that employees of firm j produce independently of
one another. As a consequence, in each period the firm’s decision to open vacancies is a
static one. The number of hires today has no dynamic consequences for future hiring or
productivity. When firm j opens v; vacancies, we can model the number that are filled, [;,
as a binomial process. It follows that the number of vacancies opened by firm j in a given
period solves®

max y (QZJJ) N3 (1= N5 [T (by) — e ()] — kv, 21)

U]'EN
;=0 N

where Iy (b;) is the expected present value of net revenues from a match for a firm of quality
b;, before the identity of the matching worker ¢ is known. I derive Il (b;) in Appendix A.

Note that firm size (employment) is indeterminate. However, increasing and convex
hiring costs ¢ guarantee the solution to (27) is well defined and the number of vacancies
opened in any period by firm j is finite. At any point in time, the total number of vacancies
in the economy is just v = f0¢ v;dj.

2.2.4 The Equilibrium Wage
With expressions for the value functions in hand, I can now prove the two Conjectures and
derive the equilibrium wage and employment conditions. Define the following terms:

S

Ay = 14+ 3 07 [[ -Gy (my)) (28)

s=71+1 p=T1+1
00 s—1
By, = 1= > B 7G.(my) [ 1 —G,(my)]. (29)
s=17+1 p=7+1

Substituting the definitions of A;;; and B;;, into (21), we see the worker’s net surplus from

the match is:
J [w (QZ]T)] - UZ = wijTAijT - UiBijT~ (30)

5This approach to modeling vacancies follows Nagypal (2000).

12



Similarly, the firm’s net surplus from the match is:
I w (Qijr)] =V = (p+ ai + b + mijr — wijr) Aijr — ViBijr. (31)

The following lemmata establish properties of A;;; and B;j,, and are required to prove
Conjectures 1 and 2. The proofs of Lemma 3 and Lemma 4 are in Appendix B.

Lemma 3 Define A;j; as in (28). Then A;;- is bounded from below by 1 and from above by
(15"

Lemma 4 Define A;j; and B;j; as in (28) and (29). Then
Bijr = (1 = B) Aijr
for all i,7, and 7 > 0.

Lemma 5 Define B;;r as in (29). Then B;j, is bounded from below by (1 — ) and from
above by 1.

Proof. Follows immediately from Lemma 3 and Lemma 4. m
We can now prove Conjectures 1 and 2, which are restated as Propositions 6 and 7.

Proposition 6 The equilibrium wage offer function w is linear in m;j, and independent of
2
Sz
Proof. Substituting (30) and (31) into the Nash bargaining wage condition (18) gives
the equilibrium wage:

Bi T
Wigr = 0 (1 + @5 + by + mujr) + (1= ) Ui — V5) == (32)
iJT
which is well defined by Lemma 3 and Lemma 5. Applying Lemma 4 gives
Wijr :5(,u+az—i—bj+mlﬂ)+((1—5) UZ—(ﬂ/J) (1—&) (33)

forall¢,j and 7 > 0. m

As conjectured, (33) verifies that the equilibrium wage is linear in the posterior mean
of beliefs about match quality and independent of the posterior variance of beliefs. It is
worthwhile relating this result to the Jovanovic (1979) equilibrium wage. In his model,
workers and firms are ez-ante identical but matches are heterogeneous, and production
occurs according to the continuous time analog of (5) with a; = b; = 0 for all 4,j. The
Jovanovic (1979) equilibrium wage is equal to expected marginal product, which in his case
is also the posterior mean of beliefs about match quality. His result relies on the assumption

13



that firms earn zero expected profit. Similar to Jovanovic’s model, the equilibrium wage (33)
is linear in expected marginal product, p+a; 4 b; +m;;,, and in the posterior mean of beliefs
about match quality, m,;,;. A stronger result is that when workers capture all the quasi-rents
associated with the match, that is as 0 — 1, so that firms earn zero expected profit; and
when vacancies are costless (as in Jovanovic (1979)); then the equilibrium wage converges to
Wi, = pi+a; + b+ m;;-.® That is, the equilibrium wage converges to the expected marginal
product of the match. In this sense, the Jovanovic (1979) equilibrium wage is a special case
of (33).

Note we can rewrite the Nash bargained wage in (33) as

wijT = 5,u + [(5012 + (1 — 5) (1 — (5) UZ] + [51)3 — (1 — 6) (ﬂ/j] + (5mij7

where
0; = 0lai—(1-B)UJ+(1-P)U; (35)
v; = 0b;—(1=p)Vj]. (36)

The expression (34) shows that equilibrium wages are linear in a worker-specific component
0;, a firm-specific component 1, and the posterior mean of beliefs about match quality. I
make use of this fact in developing the empirical strategy that follows. In light of this, I refer
to ¢; and 1, as empirical person and firm effects. Equation (36) illustrates that the firm
effect is simply the worker’s share § of the firm’s contribution to the joint surplus accruing
to the match. Similarly, equation (35) demonstrates that the person effect is the worker’s
share of his contribution to the joint surplus, plus compensation (1 — 3) U; for forgoing his
next-best alternative.

The following Proposition establishes that the reservation level of beliefs about match
quality depends only on worker and firm characteristics, and is independent of tenure.

Proposition 7 The reservation level of beliefs about match quality, m;j,, is independent of
tenure. That is, m;j; = m;; for all 7 > 0.

Proof. The reservation level of beliefs about match quality at tenure 7, m;;,, is the level
at which parties to the match are indifferent between continuing the match and allowing it
to dissolve. That is, the value at which the joint surplus from the match is zero. Thus m;;,
is defined by

T w (Que)] + 10 [w ()] = Ui +V; (37)
where Q;;; = (a;, bj, Mijr, s2) . Substituting (30) and (31) into (37) yields

(1 + ai + bj + myjr) Aijr = (Ui + V) Bijr

6This follows from the observation that as § — 1 and with k; = 0, the equilibrium value of a vacancy V;
must also be zero.
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and applying Lemma 4,

mir = Ui+ V;) (1 =) —p—a; — b (38)

mij

forall7>0. m

A final Proposition establishes the relationship between the various components of the
equilibrium wage: the empirical person and firm effects 6; and 1;, and the posterior mean of
beliefs about match quality m;;,. I make considerable use of Proposition 8 in the empirical
specification that follows.

Proposition 8 At each tenure T > 0, E (m;;.0;) = E (mijTi/Jj) =0 for all i, .

Proof. Follows immediately from the definition of m;;, in (7) and (9), the definitions of
0; and 1; in (35) and (36), and the distributional assumptions on a;, bj, c;j, zij, and e;j; in
(1), (2), (3), (4), and (6). m

The intuition behind Proposition 8 is simple. The empirical person effect 6; is a nonlinear
function of the worker’s marginal product a; and value of home production h;. The empirical
firm effect is a nonlinear function of the firm’s marginal product b; and cost of maintaining
a vacancy k;. At each tenure, the posterior mean of beliefs about match quality m,;, is a
function only of priors and the signals of match quality observed up to that point. Priors
are common to all agents, and the signals of match quality are independent of a;, h;, b; and
kj, and thus independent of 6; and ;.

Proposition 8 is particularly convenient for developing an empirical specification based
on the equilibrium wage function (34). It says that in an empirical earnings model with
fixed or random person and firm effects, we can treat the posterior mean of beliefs as a
normally distributed statistical residual with a non-zero covariance within a worker-firm
match. Normality follows from the Bayesian updating process (see Section 2.1). The specific
form of the within-match residual covariance follows also from the Bayesian learning process,
and is discussed at length in Section 3.3.

2.3 Discussion

In developing the matching model, I have alluded several times to the empirical specification
that is developed in the next Section. Before turning to empirics, however, it is useful to
discuss various predictions that stem from the matching model with regards to equilibrium
wages, mobility, turnover, and firm size.

First and foremost, the model predicts that wages are linear in person- and firm-specific
components. In keeping with the empirical literature, I have called these empirical person
and firm effects, and denoted them 6; and ¢;. They are functions of the random variables
a;, hi, bj, and k;, and thus are random variables themselves.
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Equilibrium wages are also linear in the posterior mean beliefs about match quality
my;r. This has a number of implications for the equilibrium distribution of wages and their
evolution within a worker-firm match. First, since m;j,; is a normally distributed random
variable, conditional on the person and firm effects, equilibrium wages are as well. Second,
since the person and firm effects do not vary within a worker-firm match, all within-match
wage variation is due to the evolution of beliefs about match quality. Since beliefs evolve
according to Bayes’ rule, m;;, is a martingale (see Section 2.1). Thus the model predicts
that within a worker-firm match, wages are also a martingale. The martingale property is
common to most learning models, see e.g. Farber and Gibbons (1996) and Gibbons et al.
(2002).” Econometric implications of the martingale hypothesis are discussed in Section
3.3. However, the martingale structure also has a number of economic consequences. First,
recalling the definition of m;;, in equation (9), shocks to beliefs about match quality (z;;
and e;;,) are permanent. Within a worker-firm match, these are the only shocks to wages.®
Thus wage shocks are permanent. Second, on average, wage shocks diminish with tenure.
To see this, recall that m;;, is a precision-weighted average of m;;-_; and the signal ¢;; + €.
The precision of the shocks is constant, but the precision of beliefs increases with tenure.
Thus as agents learn about match quality, each successive shock receives smaller weight in
the updating process.® Third, within a worker-firm match the variance of earnings increases
with tenure. This arises because the variance of m;;, increases with the number of observed
signals. This may seem at odds with the notion that beliefs about match quality become
increasingly precise with tenure. However, it is important to distinguish between the variance
of beliefs, s> which declines with tenure, and the variance of the posterior mean of beliefs
V., defined in equation (13), which increases with tenure.!® That the variance of earnings
increases with tenure is broadly consistent with the empirical finding that the variance of
earnings increases with labor market experience (see e.g., Mincer (1974)).

Under the matching model, employment relationships terminate when the posterior mean
of beliefs about match quality fall below the match-specific threshold m;;, defined in (38).
Comparative statics on (38) characterize the relationship between employment duration and
the worker and firm marginal products a; and b;. Unfortunately the worker and firm outside
options U; and Vj are themselves complex functions of a; and b;, which complicates signing

"In these two papers, firms and matches are homogeneous. Workers vary in their ability, which is unknown
to either worker or firm. All agents in the economy observe signals of the worker’s ability, and update their
beliefs using Bayes’ rule. Thus, individual earnings are a martingale, both within and between worker-firm
matches. Farber and Gibbons (1996) test this hypothesis using data from the NLSY, with mixed results.

8Extending the model to include aggregate and/or firm-specific shocks to productivity is left for future
research.

9 Asymptotically, shocks receive zero weight in the update.

WIntuitively, the variance of beliefs s2 declines with tenure because agents learn: as they acquire more
information about true match quality, their beliefs become increasingly precise. However, since the posterior
mean of beliefs m;;, is a function of all the signals received, its variance increases with tenure. Each signal is
a random variable (with common variance). Thus each successive signal contributes to the variance of m;;..
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the derivatives. Nevertheless, (38) makes clear that the effects of a; and b; on expected
duration are symmetric.

Comparative statics on (38) with respect to the empirical person and firm effects §; and
1, are pertinent to empirical work. It is easy to show that

amij . 1

o0, = =5 <0 (39)
om;; B 1
5, ., = 5 < 0. (40)

Note that lower values of m;; are on average associated with longer job duration. Thus
equation (39) implies that on average, jobs last longer at firms with larger firm effects v,.
A corollary is that firms with larger values of ¢, experience less turnover than firms with
smaller effects. Since firms with large firm effects are better able to retain workers, ceteris
paribus these firms will have larger employment at any point in time than firms with smaller
values. This is consistent with the empirical finding that conditional on observable worker
and firm characteristics, larger firms pay more on average than smaller firms (see e.g. Brown
and Medoff (1989)). Abowd et al. (1999) find that estimated firm-size wage effects are well
explained by firm-size category average person and firm effects.!!

Similar predictions arise from equation (40). On average, workers with high values of
0; enjoy longer job duration and change jobs less often. Lillard (1999) finds a comparable
result in NLSY data.'? Combining (39) and (40), empirically we should expect the duration-
weighted correlation between ¢; and 9; to be positive. Abowd et al. (2002) find the reverse
is true in France and in the State of Washington.!3

The model also predicts that in a cross-section, workers with longer job tenure will on
average be observed to earn higher wages than their counterparts with lower tenure. This
is consistent with stylized facts about labor markets and numerous empirical findings, e.g.,
Mincer and Jovanovic (1981), Bartel and Borjas (1981), and many others.'* The result stems

UHowever, they note that person effects are much more important in explaining firm-size wage effects
than are firm effects.

2Lillard (1999) estimates simultaneous wage and job turnover hazard equations with random person and
job effects. His job effect is nested within the person effect and thus is not comparable to the firm effects
discussed here. He finds a negative correlation between the person effect in the wage equation and the
person effect in the job turnover hazard equation: higher values of the person-wage effect are associated with
a reduced turnover hazard.

Using a similar specification, Stinson (2002) obtains the same result in 1990 SIPP data, the finds the
reverse in 1996 SIPP data.

13Tn earlier work that estimated approximate values of fixed worker and firm effects, Abowd et al. (1999)
found a positive duration-weighted correlation between estimated person and firm effects, as predicted by
the matching model.

4More recent research has focused on the causal link between job tenure and earnings growth using
longitudinal data. Examples include Abraham and Farber (1987), Altonji and Robert A (1987), and Topel
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from two observations. First, higher values of f; and 1; are on average associated with longer
duration. Second, conditional on ¢; and ¢, longer lasting matches are on average associated
with higher match quality c;;, and thus with larger values of m;;,; at each tenure. Since 0;,
¥, and m;j, all enter positively into wages, the result follows.

Finally, for the empirical specification that follows, it is important to note that wages
and employment duration are simultaneously determined. The posterior mean of beliefs
about match quality m;;, enters the equilibrium wage, but the employment relationship only
continues as long as m;;, > m;;. Thus the observed distribution of earnings is truncated:
earnings outcomes are only observed if wij, > p+ 0; + 1, + my;.

3 Empirical Specification

The empirical specification is based primarily on the equilibrium wage function (34). It takes
account of the wage and mobility dynamics implied by the learning process. For clarity, I
develop the empirical specification in stages.

Abowd et al. (1999), Abowd et al. (2002), and others have estimated earnings models
with fixed person and firm effects. The equilibrium wage equation (34) is linear in person-
and firm- specific components, which suggests adopting a similar approach. I depart from
this earlier work in two important respects. The first departure is to focus primarily on a
mixed model specification, where the person and firm effects are treated as random. There
are a number of compelling reasons to do so. First, as noted in Section 2.3, the empirical
person and firm effects ¢; and 1; are random variables. Second, it is the distribution of
the person and firm effects that is of primary interest. Their realization for specific workers
and firms is of secondary importance. A mixed model specification estimates parameters of
the distribution of the random effects. Given these, one can compute Best Linear Unbiased
Predictors (BLUPs) of the realized random effects. Third, the data can be considered a
random sample of workers and firms from a larger population. Thus the person and firm
effects are also a random sample from a larger population of values. When making inferences
about a population of effects from which those in the data are considered a random sample,
Searle et al. (1992) argue in favor of treating the effects as random. Finally, a mixed model
specification permits out-of-sample prediction of 6; and ;.

The second important departure from earlier empirical work is to explicitly account for
the structure implied by the learning process on earnings residuals. There are several aspects
of this structure to accommodate. Recall the equilibrium wage function (34), into which 6;,

and Ward (1992). Recent studies using longitudinal linked data include Dostie (2002) and Stinson (2002).

In the context of this debate, the learning model implies that conditional on person and firm effects, all
returns to tenure are due to accumulated knowledge about match quality. This accumulated knowledge is a
form of match-specific human capital. Note it is not “productive” human capital: productivity is constant
over the duration of the match. Nevertheless, it has value: it takes time to accumulate, and is lost when the
match terminates.
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¥, and dm;;- enter linearly. Proposition 8 established that E (m;;,0;) = E (mijfwj) =0 for
all 4,7, and 7 > 0. Furthermore, m;;, is a normally distributed random variable with zero
expected value in the population, and satisfying

E[mzmij] = 0fori#i orj#j (41)
FE [miijijT/] = ‘/;— for T < 7'/ (42)

where V, is the unconditional variance of m;;, defined in equation (13).'> Taken together,
these facts about m,;, imply that it is appropriate to treat the term dm;;, in (34) as a
normally distributed statistical residual with a non-zero covariance within a worker-firm
match. This imposes considerable structure on the residuals. First, from equation (41)
residuals are uncorrelated across worker-firm matches. Second, residuals within a worker-firm
match have the martingale covariance structure given by equation (42). Farber and Gibbons
(1996) obtain a similar result. Further details on the martingale covariance structure are in
Section 3.3. Finally, as discussed at the end of the previous Section, worker-firm matches
terminate when m,j; falls below the match-specific threshold m;;, implying that the observed
distribution of earnings residuals (and hence earnings) is truncated. The specification I now
develop accounts for all these aspects of the learning process.
An empirical specification for earnings based on (34) takes the form

Wijr = W + x;tﬂ + 9@ + ¢j + Eijt (43)

where w;;; is a measure of earnings; p is the grand mean of earnings; z; is a vector of
observable time-varying individual characteristics;'® 3 is a vector of returns to time-varying
characteristics; 6; is the pure person effect; ; is the pure firm effect for the firm j at which
worker i was employed in ¢ (denoted j = J(4,t)); and ¢;;; is a statistical residual. As in
Section 2, 7 indexes people and j indexes firms. Note that in Section 2, 7 was used to index
tenure; here ¢ indexes calendar time.!” We can further decompose the pure person effect 6;
into components observed and unobserved by the econometrician as

0; = a; +uin (44)

I5The fact that Cov(m;jr, mijr) = Var (m;j.) for 7 < 7’ is a standard property of Bayesian learning.
The only information common to m;;; and m;, is the set of signals observed through tenure 7. Hence their
covariance is the variance of the common signals. This is discussed further in Section 3.3.

16The inclusion of a set of time-varying individual covariates represents a slight deviation from the theo-
retical model. In this application, covariates xz;; include time effects, labor market experience, and controls
for attachment to the labor force. These are well known determinants of earnings. Extending the theoretical
model to include aggregate shocks (time effects) and time-varying individual productivity (experience) is left
for future research.

"The inclusion of time-varying covariates z;; in (43) necessitates the additional calendar time index t.
Since tenure and calendar time are in general related by a simple function, the tenure index 7 is suppressed
to avoid undue notational clutter.
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where «; is the unobserved component of the person effect; u; is a vector of time-invariant
person characteristics observed by the econometrician; and 7 measures returns to time-
invariant characteristics.®.

Let N* denote the total number of observations; N the number of workers; J the number
of firms; ¢ the number of time-varying covariates; and p the number of time-invariant person

characteristics. Rewriting (43) and (44) in matrix notation, we have
w=XB+Un+ Do+ Fi+c¢e (45)

where w is the N* x 1 vector of earnings outcomes, X is the N* x ¢ matrix of time-varying
covariates (including the constant term); [ is the ¢ x 1 vector of returns to time-varying
covariates; U is the N* X p matrix of time-invariant person characteristics; 7 is the p x 1
vector of returns to time-invariant person characteristics; D is the N* x N design matrix of
the unobserved component of the person effect; o is the NV x 1 vector of person effects; F' is
the N* x J design matrix of the firm effects; v is the J x 1 vector of firm effects; and ¢ is
the N* x 1 vector of residuals.

Abowd and Kramarz (1999) discuss fixed and mixed model specifications based on equa-
tions like (45). A fixed model specification treats all the effects 3, i, a, and 1) as fixed. A
mixed model specification treats some of the effects as random. I consider the case where (3
and 7 are fixed, and « and v are random. I estimate both fixed and mixed model specifica-
tions in what follows, but focus primarily on the mixed model. For completeness, I discuss
estimation of both fixed and mixed specifications.

3.1 The Fixed Model

The fixed model is completely specified by (45) and the following assumptions on &,y :

E[&jt‘i?j;t;fyu] =0 (46)
Elee] = oIy (47)

where [y« is the identity matrix of order N*. The full least squares solution for the fixed
effects (3, 1, a, and 1 solves the normal equations

X'X XU X'D X'F 6] X'w
Ux vUU UD UF no|_ U'w (48)
D'X DU D'D DF a Dw |~

F'X FU F'D FF Y Flw

In the data described in Section 4, the cross product matrix on the left hand side of (48)
is of sufficiently high dimension to preclude estimation using standard software packages.

18 A similar decomposition could be done on the pure firm effect v ;- This is left for future research.
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Instead, I obtain the full least squares solutions B, 7, &, and zAﬂ using the least squares
conjugate gradient algorithm of Abowd et al. (2002). This algorithm exploits the sparse
structure of the cross products matrix after blocking on connected groups of workers and
firms.!® The resulting estimates of o and v are not unique, since the design matrices D and
F are not full rank. Abowd et al. (2002) discuss identification of @ and v in detail. I apply
their procedure to obtain unique estimates of o and ¢ subject to the restriction that the
overall and group means of the person and firm effects are zero. When there are G' connected
groups of workers and firms, this procedure identifies an overall constant term, and a set of
N +J — G — 1 person and firm effects measured as deviations from the overall constant and
group-specific means.

3.2 The Mixed Model

In the remainder of this Section, I focus on a mixed model specification based on (45). The
particular specification that I consider treats g and n as fixed, and o and 1 as random. The
model is completely specified by (45) and the assumption

« 0 aiIN 0 0
v | ~N 01, 0 Ui]J 0 . (49)
€ 0 0 0 R

It is worth noting that unlike the usual random effects specification considered in the econo-
metric literature, (45) and (49) do not assume that the random person and firm effects are
orthogonal to the design of the fixed effects (X and U). Such an assumption is almost
always violated in economic data. More general specifications than (49) are technically fea-
sible though computationally demanding, e.g., allowing for a nonzero correlation between
the person and firm effects. These are left for future research.

Let M denote the number of worker-firm matches in the data, and let 7 denote the
maximum observed duration of a worker-firm match in the data. Suppose the data are
arranged in lexicon order, that is by ¢ within j within 7. In the balanced data case, where
there are 7 observations on each worker-firm match, the various specifications I consider have
a residual covariance that can be written

R=IyoW (50)

where W is a T x T positive-semidefinite matrix of within-match residual covariances. I
discuss the several forms of W that I estimate in Sections 3.3 and 3.5. The extension to

19See Searle (1987) for a general discussion of connectedness. In labor market data, firms are connected
by common employees; workers are connected by common employers. Abowd et al. (2002) develop a
graph-theoretic algorithm for finding connected groups of workers and firms in longitudinal linked employer-
employee data.
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unbalanced data, where each match between worker ¢ and firm j has duration 7;; < 7, is
fairly straightforward. Define a 7 x 7;; selection matrix S;; with elements on the principal
diagonal equal to 1, and off-diagonal elements equal to zero.?® S,; selects those rows and
columns of W that correspond to observed earnings outcomes in the match between worker
7 and firm j. In the unbalanced data case, the general form of the residual covariance is

R = Iy ® S;WSy,. (51)

3.2.1 REML Estimation of the Mixed Model

Mixed model estimation is discussed at length in Searle et al. (1992) and McCulloch and
Searle (2001). There are three principal methods that can be applied to estimate the variance
components (02,0%) and the residual covariance R : ANOVA, Maximum Likelihood (ML),
and Restricted Maximum Likelihood (REML). ANOVA and ML methods are familiar to
most economists; REML less so.?! Since I apply the REML method in this application, it is
worth giving it a brief treatment.

REML is frequently described as maximizing that part of likelihood that is invariant to
the fixed effects. More precisely, REML is maximum likelihood on linear combinations of
the dependent variable w, chosen so that the linear combinations do not contain any of the
fixed effects. As Searle et al. (1992, pp. 250-251) show, these linear combinations turn
out to be equivalent to residuals obtained after fitting the fixed effects via OLS. The linear
combinations k’'w are chosen so that

M([X U}[i])zOV@n (52)

which implies
(X U])=o. (53)

Thus &’ projects onto the space orthogonal to [ X U ] , and must therefore be of the form

= et ([E] o) [

= JMxy (55)

(54)

20For example, if 7 = 3 and a match between worker 7 and firm 5 lasts for 2 periods,

1 0
Sij = 0 1 .
0 0

2IREML estimation of mixed models is commonplace in statistical genetics and in the plant and animal
breeding literature. In recent years, REML has in fact become the mixed model estimation method of choice
in these fields, superceding ML and ANOVA.
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for arbitrary ¢, and where A~ denotes the generalized inverse of A. When [ X U } has
rank r < g + p, there are only N* — r linearly independent vectors k" satisfying (52).

Define K’ = TMxy with rows k' satisfying (52), and where K’ and T have full row
rank N* — r. REML estimation proceeds by performing maximum likelihood on K’w. For
w~ N(XG+Un,V) it follows that

K'w ~ N (0, K'VK) (56)

where V.= DD'0? 4+ FF'0}, 4+ R is the covariance of earnings implied by (49). The REML
log-likelihood (i.e., the log-likelihood of K'w) is therefore

1 1 1 _
log Lrenmr = —3 (N* —r)log 2 — ilog |[K'VK| — ile (K'VEK) ™" K'w. (57)

REML estimates of the variance components and residual covariance have a number of
attractive properties. First, REML estimates are invariant to the choice of K’. Second,
REML estimates are invariant to the value of the fixed effects. Third, in the balanced
data case, REML is equivalent to ANOVA.??2 Under normality, it thus inherits the minimum
variance unbiased property of the ANOVA estimator.?® Finally, since REML is based on the
maximum likelihood principle, it inherits the consistency, efficiency, asymptotic normality,
and invariance properties of ML.

I estimate the variance components and residual covariance using the ASREML software
package. ASREML implements the Average Information (AlI) algorithm of Gilmour et al.
(1995) to maximize the REML log-likelihood (57). The Al algorithm is a variant of Fisher
scoring. Unlike the method of scoring, which uses the expected information matrix to com-
pute parameter updates, Al uses a computationally convenient average of the expected and
observed information matrices in the update.*

Inference based on REML estimates of the variance components and parameters of the
residual covariance is straightforward. Since REML estimation is just maximum likelihood
on (57), REML likelihood ratio tests (REMLRTS) can be used. In most cases, REMLRTS
are equivalent to standard likelihood ratio tests. The exception is testing for the presence
of a random effect . The null is 03 = 0. Denote the restricted REML log-likelihood by
log L pasr- The REMLRT statistic is A = —2 (log L, gas. — 10g Lrear) - Since the null puts
J% on the boundary of the parameter space under the alternative hypothesis, A has a non-
standard distribution. Stram and Lee (1994) show the asymptotic distribution of A is a 50:50
mixture of a 3 and x%. The approximate p-value of the test is thus 0.5 (1 — Pr (x? < A)).

22The usual statistical definition of balanced data can be found in Searle (1987). Longitudinal linked data
on employers and employees is balanced if we observe each worker is employed at every firm, and all job
spells have the same duration. Clearly, this is not the usual case.

23In contrast, ML estimators of variance components are biased since they do not take into account degrees
of freedom used for estimating the fixed effects.

24The expected information matrix is the inverse of the negative expected Hessian of the REML log-
likelihood (57). The observed information matrix is the inverse of the negative Hessian. Newton’s method
uses the observed information matrix to compute parameter updates in maximizing the log-likelohood.
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3.2.2 Estimating the Fixed Effects and Realized Random Effects

A disadvantage of REML estimation is that it provides no means for estimating the fixed
effects. Henderson, in Henderson et al. (1959) derived a system of equations that simul-
taneously yield the BLUE of the fixed effects (5 and n) and BLUP of the random effects.
These equations have become known as the mixed model equations or Henderson equations.

Define ,
. JaIN 0
oo 57 o

The mixed model equations are

X R x U] X ri[D F] g A R w

U U n U

Dl , D/ , 3 & - Dl 1 (59)

[F,]R (X U] [F]R (D Flec || 8 [F,]Rw

where 3 and 7 denote solutions for the fixed effects, and & and @7) denote solutions for the
random effects. In practice, of course, solving (59) requires estimates of R and G. I apply
common practice, and use the REML estimates G and R for this purpose.

The mixed model equations make clear the relationship between the fixed and mixed
models. In particular, as G — oo with R = 021y, the mixed model equations (59) converge
to the normal equations (48). Thus the mixed model estimates (3,7, &, 1)) converge to the
least squares solutions (B, 1, &, ﬁ))

The BLUPs & and 1} have the following properties. They are best in the sense of mini-
mizing the mean square error of prediction

(3] a(E]-[]) o

where A is any positive definite symmetric matrix. They are linear in w, and unbiased in

the sense E(&) = E () and E(¢) = E (¢).

[oN

3.3 The Martingale Hypothesis

Having discussed fixed and mixed model estimation in some detail, I now turn to implications
of the matching model for earnings residuals. In the matching model, agents update their
beliefs about match quality using Bayes’ Rule. As a consequence, the posterior mean of
beliefs about match quality m;;,; is a martingale. This implies a specific structure for the
within-match residual covariance W. Since the empirical residual is €;;; = dm;j;-, we can

write W = ¢6*V, where V is the 7 x 7 within-match covariance of the vector Mg, My; =
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[mgij1 -+ Mz .2 Overlaying V with classical measurement error as in Farber and Gibbons
(1996), the martingale structure implies

 Vi+o2 W i - W
Vi Vat+o2 Voo - Vi
V= Vi Vo Vadon - Vs (61)
W Vs Vs oo Vito? |

where o2 is the variance of measurement error, and where the terms V; for 7 = 1,...,7 are
the unconditional variance of m;;, in (13).

Some aspects of V are worthy of note. First, concentrating on the lower triangle of (61),
off-diagonal elements within each column are equal. The reason for this is quite intuitive.
Elements of column 7 are Cov (mj;, m;j). In the lower triangle, 7 < 7/. The common
elements in m;;; and m,j,» are the signals of match quality received up to tenure 7. Thus the
covariance between m;;,; and m;j, is just the variance of the signals received up to tenure 7,
which is Var (m;;,) = V;. Second, diagonal elements of V' differ from off-diagonal elements
in the same column by the variance of measurement error. Finally, it can be shown that
V.11 > V,. This is because as tenure increases, so does the number of observed signals. Each
signal enters the posterior mean of beliefs (recall (9)), so its variance increases with the
number of signals.

The structural parameters o2, o2, and o2 enter into each V,. Thus they can be recov-
ered (up to a factor of proportionality, §*) from an estimate of the within-match residual
covariance. I test the martingale hypothesis and recover the structural parameters o2, o2,
o2, and 02 using a two-step procedure. The first step is to obtain an estimate of the within-
match residual covariance W. Under the fixed model specification, the estimate W and its
covariance are computed directly from the estimated residuals (see Abowd and Card (1989)
for methods and formulae).? Under the mixed model specification, the estimate W is ob-
tained by estimating the earnings equation (43) with an unstructured within-match residual
covariance. That is, the only restriction placed on W during mixed model estimation is sym-
metry and positive semi-definiteness. An estimate of the covariance of W is provided by the
relevant block of the REML Average Information matrix. Following Abowd and Card (1989)
and Farber and Gibbons (1996), I then fit the martingale covariance 6>V to the estimate of
W by equally weighted minimum distance (EWMD).?" This yields estimates of the structural

*5In the unbalanced data case where a match between worker i and firm j lasts 7;; < 7 periods, mi; =
[mijl mijﬂj]. The residual covariance is R = Iy ® 6252'»jVSij. The selection matrix S;; was defined
earlier. It selects those rows and columns of V' corresponding to observed earnings outcomes on the match
between worker i and firm j.

26Estimates obtained on W will be available in a future version of this paper.

2TOptimal minimum distance estimation, as discussed in Hansen (1982) and Chamberlain (1984), proved
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parameters up to a factor of proportionality: the square of the bargaining strength parame-
ter 6. I test the martingale hypothesis with the usual x? test of overidentifying restrictions,
using the test statistic of Newey (1985).%

3.4 Accommodating Residual Truncation

Under the matching model, a match between worker ¢ and firm j terminates when m;;,
falls below the match-specific threshold m;; defined in (38). This implies the distribution
of earnings residuals is truncated. Omnly earnings observations such that m;;, > m;; are
observed. Rewrite the definition of m;; in (38) as m;; = —pu—(;,—v; where (; = a;,—(1 — ) U;
and v; = b; — (1 — ) V;. Conditional on the match between worker ¢ and firm j surviving
to tenure 7, the marginal probability of observing the earnings outcome w;;, is

i = G-

-3 <7“ +VC;' Rl ) (62)

where @ is the standard normal CDF, and the latter equality follows from symmetry of the
normal distribution about its mean. Equation (62) suggests a simple means of correcting
the distribution of earnings residuals to account for truncation. Specifically,

+Citvj
(e

+¢itv;
o (—“ Vl/fﬂ)

= p+alB+ 0+, + VN, (63)

E [wijilmijr > i) = p+al,8+0; +¢; + V2

where \;j; is the familiar Inverse Mills” Ratio.

A simple but inefficient truncation correction can be based solely on the marginal distri-
bution of m;;,: estimate a sequence of 7 continuation probits with (fixed or random) person
and firm effects. Using results from these, construct an estimate of \;;; and include it as an
additional regressor in the earnings equation (43). One problem with this approach is that
the estimated person and firm effects vary across the probit equations. A simple alternative
is to pool the probit equations, but in this case the variance term V is restricted to be the
same at each tenure. Of course the efficient solution is to estimate instead a 7-variate probit
with (fixed or random) person and firm effects with the full covariance structure V' given in
(61), ignoring the measurement error terms. However, multivariate probits are notoriously

infeasible. Under both fixed and mixed model specifications, the covariance of W was poorly conditioned,
and did not invert.
28The Newey (1985) test statistic does not require inversion of the variance of the moment conditions.
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difficult to estimate, especially when the dimension 7 is large; even more so with the large
number of effects to be estimated. I opt for a compromise where the person and firm effects
are constrained to be equal across probit equations, and allow limited variation across tenure
in the variance terms V.

For a match between worker i and firm j, define the 7 x 1 vector d;;. The 7" element of
d;; is 1 if the worker is employed at firm j at tenure 7 and 0 otherwise. I treat the person-
and firm-specific mobility effects ¢; and v; from equation (62) as random, and estimate a
multivariate probit on d;; using Average Information REML applied to the method of Schall
(1991).2% The estimating equation is based on

Pr (dijl = 1, dijg = 1, ceey dijf = 1) = (b»? ([L + Cz + vj, V) (64)
(o~ N(0.0?) (65)
v; ~ N(0,0)) (66)

where ®- denotes the 7-variate normal CDF, and V is a restricted form of the covariance V
of the vector of belief terms m;;:

V= Hl 7 1 9 I o, (67)
Vi and Vs are scalars. The restricted covariance V' has the following properties. Since the
off-diagonal elements are zero, the specification is based on the marginal distribution of the
belief terms m;;,, rather than their joint distribution. All cross-equation correlation is built
in via the random effects (; and v;. Additionally, the diagonal elements of V are restricted
to be equal in each period of the first half of the observed tenure distribution, and equal in
each period of the second half of the observed tenure distribution.?® It is important to note
that these restrictions are only imposed on the probit covariance. I subsequently recover the
unrestricted matrix V' from earnings residuals, as described in Section 3.3.

With estimates of Vi, V5, and the realized random effects Z‘l and 7; in hand, I construct
an estimate S\ijf of the Inverse Mills’ Ratio term (63) for each worker-firm match at each
observed tenure. The estimate 5\177 is included as an additional time-varying covariate in the
earnings equation (43).

3.5 Alternate Covariance Structures

In addition to the martingale covariance structure predicted by the matching model, I test
a variety of more parsimonious forms for W in the mixed model. The simplest of these is

29The Schall (1991) method extends standard methods for estimating generalized linear models to the
random effects case. The basic idea is to perform REML on a linearization of the link function ®z. The
process requires an iterative reweighting of the design matrices of fixed and random effects in the linearized
system, see Schall (1991) for details.

30These can be interpreted as restrictions on the learning process.
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W = 02I;, i.e., a homoskedastic error with no within-match covariance between earnings
residuals. Additionally, I estimate and test several models with one and two parameter
residual covariances: an AR(1) residual, AR(2), MA(1), MA(2), and ARMA(1,1). In the
context of the matching model, these structures can be interpreted as a simplified learning
process, whereby beliefs about match quality evolve as an AR(1), AR(2), etc.

For completeness, I also test for the presence of a random match effect ,; in the earnings
equation. The match effect is the interaction between person and firm effects. Conditional
on observables x;; and u;, a random match effect implies earnings are equicorrelated within-
match. Like the random person and firm effects, the match effect is not assumed orthogonal
to x; and u;.

3.6 Logs or Levels?

The matching model of Section 2 was developed in earnings levels. In keeping with this, the
empirical specification has been developed thus far in levels also. However, it is customary
to model earnings in logs rather than levels, partly because earnings are typically found to
be approximately lognormal, but also to alleviate heteroskedasticity. As a compromise, I opt
to model earnings in both logs and levels. I model earnings in levels to test the martingale
hypothesis and other predictions of the matching model, and model earnings in logs to
facilitate comparison with earlier work. The log-linear specification can be interpreted as an
approximation to the earnings equation in levels as follows. Rewrite (43) as

0; (UF Eij
wijtzu(1+$;té+—+—3+—ﬁ)
Hop 2 H

so that
0, ey
Inw; =~ lnu—i—:z:;té—i——4—ﬂ—|—M
poopopop
= B 0]+ + el (68)

where the first line of (68) uses the first-order Taylor series approximation around x = 0,
In(1+z) = x, and where p* =Inpu, 8" = 3/p, 07 = 0/u, V5 = /pu, and €55, = 451/ .

4 Data

Estimating the models described in the previous section requires longitudinal linked data on
employers and employees: data with repeated observations on both workers and firms. Data
used in this application are from the Longitudinal Employer-Household Dynamics (LEHD)
program database, under development at the U.S. Census Bureau. The LEHD database
includes data from eight states: California, Florida, Illinois, Maryland, Minnesota, North
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Carolina, Pennsylvania, and Texas. Together, these states represent about 50 percent of
U.S. employment. In this paper, I use data from two of the eight participating states. The
identity of the two states cannot be revealed for confidentiality reasons.

The LEHD data are administrative, constructed from quarterly Unemployment Insur-
ance (UI) system wage reports. Every state in the U.S., through its Employment Security
Agency, collects quarterly earnings and employment information to manage its unemploy-
ment compensation program. The characteristics of the Ul wage data vary slightly from state
to state. In particular, the universe of firms subject to Ul system reporting varies slightly
across states. These and other characteristics of Ul wage records are detailed elsewhere, for
example Stevens (2002) and Burgess et al. (2000). With the UI wage records as its frame,
the LEHD data comprise the universe of employers required to file Ul system wage reports
— that is, all employment covered by the UI system in the eight participating states. The
data span the first quarter 1990 through the fourth quarter 1999.3!

Individuals are uniquely identified in the data by a Protected Identity Key (PIK). Em-
ployers are identified by a state unemployment insurance account number (SEIN). The Ul
wage records themselves contain only very limited information: PIK, SEIN, and quarterly
earnings. In the LEHD database, additional demographic characteristics are integrated with
these data from various internal Census Bureau sources. Such characteristics include sex,
race, and date of birth.3?

Though the underlying data are quarterly, they are aggregated to the annual level for
estimation. All preliminary data processing is done on the quarterly records.

Before discussing the estimation sample, variables, and the imputation of missing data,
it is necessary to develop several concepts. The first concept is that of a dominant employer.
A dominant employer is identified for each individual in each year. Individual i’s dominant
employer in year ¢ is the employer at which i’s earnings (as reported in the Ul system wage
records) were largest in .3 About 87 percent of the Ul system wage records correspond to
employment at a dominant employer. The second concept is full quarter employment. In
quarter ¢, individual i is identified as having worked a full quarter at SEIN j = J (i, q) if
there are UI wage records for which J (i,q — 1) = J (i,q) = J (i,q + 1). That is, if individual
1 was employed at the SEIN in both the previous and subsequent quarter.

4.1 Sample Construction

The analysis sample is restricted to full-time private sector employees at their dominant
employer, between 25 and 65 years of age, who had no more than 44 employers in the

31For one of the two states, the data series begins before 1990. All estimation is done on the pooled states
for the years 1990-1999.

32Based on an exact match to administrative data sources.

33The dominant employer is identified on the basis of actual reported earnings, not the annualized earnings
measure discussed in Section 4.2.
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sample period,®* with real annualized earnings between $1,000 and $1,000,000 (1990 dollars),
employed in non-agricultural jobs that included at least one full quarter of employment, at
firms with at least five employees in 1997. The resulting analysis sample consists of 174
million quarterly earnings observations on 9.3 million individuals employed at approximately
575,000 firms, for a total of over 15 million unique worker-firm matches. The quarterly
records are annualized prior to estimation, reducing the analysis sample to 49.3 million
annual earnings records.

Using the method of Abowd et al. (2002), estimation of the fixed model is possible on
the entire analysis sample. Unfortunately, estimating the mixed model on the full sample
remains computationally infeasible. Drawing an appropriate random sample of observations
for estimating the mixed model is not a simple task. Obtaining precise estimates of the
variance components and BLUPs requires a highly connected sample of workers and firms.
In a small simple random sample of individuals, there may not be sufficient connectivity to be
confident that the person and firm effects are well identified. For this reason I develop a dense
sampling algorithm, described in detail in Appendix C. The basic idea behind the algorithm
is to sample firms first, with probabilities proportional to employment in a reference period.
Workers are then sampled within firms, with probabilities inversely proportional to firm
employment. A minimum of n employees are sampled from each firm. I demonstrate in
Appendix C that the resulting sample has all the properties of a simple random sample
of workers employed in the reference period (i.e., each worker has an equal probability of
being sampled), but guarantees each worker is connected to at least n others by a common
employer.

I draw two disjoint 1 percent dense random samples of workers employed in 1997 using the
dense random sampling algorithm of Appendix C. Each worker is connected to at least n = 5
others.?® T label the two samples Dense Sample 1 and Dense Sample 2. All mixed model
estimation is performed on Dense Sample 1. Dense Sample 2 is used for model validation.
For comparison, I also draw a 1 percent simple random sample of workers employed in 1997.
Table 1 presents connectedness properties of the full analysis sample, the two dense samples,
and the simple random sample. The full analysis sample is highly connected: the largest
group contains 99.06 percent of jobs. The dense samples remain quite highly connected:
about 92 percent of jobs are contained in the two largest groups. The simple random sample
is much less connected. About 80 percent of jobs are contained in the two largest groups,
and 84 percent in groups containing at least 5 worker-firm matches. This is in contrast to
the full analysis sample and dense samples, in which all jobs are in groups with at least 5
worker-firm matches by construction. In the simple random sample, fully 5.5 percent of jobs
are connected to no other.

34There is some concern that measurement error in the person and firm identifiers may be the cause
of observing an individual at an extreme number of employers. Around 0.5 percent of quarterly wage
observations corresponded to individuals employed at more than 44 employers over the sample period.

35The other parameters used to draw the dense samples, defined in Appendix C, are m = 0.5 and p = 0.004.
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4.2 Variable Creation and Missing Data Imputation

Time-varying covariates X in all earnings regressions include a quartic in labor force experi-
ence (interacted with sex), four dummy variables to indicate the number of full quarters the
individual worked in the year (interacted with sex), and year effects. Time-invariant person
characteristics U are education (five categories, interacted with sex), race (3 categories, in-
teracted with sex), and a dummy variable to indicate if the initial experience measure was
negative (interacted with sex).30

Missing data items include full-time status, education, tenure (for left censored job spells),
initial experience, and (in some cases discussed below) the earnings measure. Missing data
items are multiply-imputed using the Sequential Regression Multivariate Imputation (SRMI)
method. See Rubin (1987) for a general treatment of multiple-imputation; the SRMI tech-
nique is due to Raghunathan et al. (1998); Abowd and Woodcock (2001) generalize SRMI
to the case of longitudinal linked data. SRMI imputes missing data in a sequential and it-
erative fashion on a variable-by-variable basis. Each missing data item is multiply-imputed
with draws from the posterior predictive distribution of an appropriate generalized linear
model under a diffuse prior. Full estimation results of each of the imputation regressions are
available from the author on request. I generate three imputed values of each missing data
item. The result is three versions of the analysis sample, each containing different imputed
values. In keeping with the statistical literature on multiple imputation, I refer to these as
completed data implicates.

4.2.1 Real Annualized Earnings

The dependent variable for the earnings regressions is real annualized earnings. The an-
nualized measure is constructed from real full-quarter earnings. Full quarter earnings are
defined as follows. For individuals who worked a full quarter at firm j in ¢, the full-quarter
earnings measure is reported Ul system earnings (about 80 percent of the analysis sample).
For individuals who did not work a full quarter in ¢, one of two earnings measures was used.
If the individual worked at least one full quarter in the four previous or subsequent quarters,
and if real reported earnings in quarter ¢t were at least 80 percent of real average earnings
in the full quarters, the individual was presumed to have worked a full quarter.?” That is,
reported earnings were treated as full-quarter earnings (12.5 percent of the analysis sample).
If on the other hand reported earnings were less than 80 percent of real average average
earnings in the full quarters, earnings were imputed to the full-quarter level (7.5 percent

36 As described in Section 4.2.3, the initial potential experience measure was set to zero in this case.

37The 80 percent cutoff rule was chosen to reduce error in the construction of the full quarter earnings
measure. To determine the cutoff, for each quarter I computed real average full quarter earnings in the four
previous and subsequent quarters (a nine quarter moving window). For full quarter employees, the median
ratio of real earnings in quarter ¢ to real average full quarter earnings in the nine quarter window around ¢
was 0.8.
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of the analysis sample). The imputation model is a linear regression on log real full quar-
ter earnings. Conditioning variables include up to four leads and four lags of full quarter
earnings (where available), year and quarter dummies, race, education (5 categories), labor
market experience (linear through quartic terms), and SIC division. Separate imputation
models were estimated for men and for women. For each quarter in which earnings were
imputed to the full-quarter level, three imputed values were drawn from the posterior pre-
dictive distribution under a diffuse prior. After constructing the real full-quarter earnings
measure, the quarterly measures were annualized to obtain real annualized earnings.

4.2.2 Education

Education is multiply-imputed from the 1990 Decennial Census long form. The imputation
model is an ordered logit. There are 13 outcome categories, corresponding to 0 through 20
years of education. Conditioning variables include age (10 categories), vintiles of reported
annual earnings at the dominant employer in 1990 or the year the individual first appeared
in the sample, and SIC division. Separate imputation models were estimated for men and
for women. For each person, three imputed values were drawn from the normal approxima-
tion (at the mode) to the posterior predictive distribution under a diffuse prior. Prior to
estimation of the earnings model, education was collapsed to five categories: Less than high
school, High school graduate, Some college or vocational training, Undergraduate degree,
and Graduate or professional degree.

4.2.3 Labor Market Experience

In the first quarter that an individual appears in the sample, 1 calculate potential labor
market experience (in years) as age at the beginning of the quarter, minus years of educa-
tion, minus 6. In cases where this measure was negative, potential experience was set to
zero. In each subsequent quarter, labor market experience is accumulated using the indi-
vidual’s realized labor market history. Note that since initial experience depends on the
multiply-imputed education measure, calculated labor market experience varies across the
three completed data implicates.

4.2.4 Tenure

Jobs fall into two categories with respect to the calculation of job tenure: spells that are
left-censored and spells that are not. In one state the data series begins in 1990 quarter
1. For this state, all active jobs in this quarter were presumed left-censored. In the second
state, the data series begins in 1985 quarter 1. All jobs in that state that were active in 1985
quarter 1 were presumed left-censored. Under this definition, left censored spells comprise
33 percent of jobs in the full analysis sample.
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For spells that are not left-censored, tenure was set to 1 in the first quarter for which
there was a Ul system wage record, and subsequently accumulated using the individual’s
employment history at that employer. For left-censored spells, tenure as of the first quarter
1990 was imputed using data from the 1996 and 1998 CPS February supplements. The
imputation model is a linear regression on the natural logarithm of tenure. Conditioning
variables include age (10 categories), vintiles of reported annual earnings at the dominant
employer in 1990, education (5 categories), and SIC division. For each left-censored job,
three imputed values of tenure in 1990 quarter 1 were drawn from the posterior predictive
distribution under a diffuse prior. In subsequent quarters, tenure was accumulated using the
individual’s employment history at that employer.

4.2.5 Full-Time Status

Full-time status is multiply-imputed using the 1982-1999 CPS March supplements. The
imputation model is a binary logit. Conditioning variables include a quadratic in age, SIC
division, year dummies, and vintiles of reported annual earnings at the dominant employer.
Separate imputation models were estimated for men and for women. For each worker-firm
match in each year, three imputed values were drawn from the normal approximation (at
the mode) to the posterior predictive distribution under a diffuse prior.

4.3 Characteristics of the Samples

Table 2 presents basic summary statistics on the full analysis sample, the two dense samples,
and (for comparison) the simple random sample. The dense samples exhibit properties
virtually identical to those of the simple random sample, confirming the analytical result in
Appendix C that they are equivalent. Since these are point-in-time samples, their properties
differ slightly from those of the full analysis sample. In particular, they exhibit properties
consistent with a sample of individuals with a higher labor force attachment than the average
individual in the full analysis sample: individuals in the dense and simple random samples
are somewhat more likely to be male, are more educated, have longer average job tenure,
earn more, and are more likely to work a full calendar year. These differences are all very
slight, however.

Figures 1 and 2 confirm these properties of the samples. Figure 1 plots the yearly time
series of average real annualized earnings in each of the samples. The same trend is apparent
in all four samples. The dense and simple random samples are virtually indistinguishable.
However, average real annualized earnings are greater in each year in the point-in-time
samples than in the full analysis sample, as expected. Figure 2 plots the yearly time series
of employment in each of the samples. By construction, employment in the point-in-time
samples is greatest in 1997.3% As a consequence, the dense and simple random samples are

38Recall these are random samples of individuals employed in 1997. There are no individuals in the dense
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indistinguishable, but their employment series differ somewhat from that of the full analysis
sample.

5 Results

The econometric analysis described in Section 3 is performed on each of the completed data
implicates. Statistics reported in this section combine those obtained on the three implicates
using formulae in Rubin (1987). Estimates of the fixed covariate effects 5 and 7 are available
from the author upon request. There is very little variation in the estimated covariate effects
across specifications. All estimated covariate effects are quite reasonable.

5.1 Estimated Variance Components and Model Fit
5.1.1 The Earnings Model

Table 3 presents estimates of the variance components and a summary of model fit for the
four earnings models of primary interest, estimated on the natural logarithm of annualized
earnings. The four models are: 1) the fixed model; 2) the mixed model with random person
and firm effects and a spherical error (R = 021y, ); 3) the mixed model with random person,
firm, and match effects and a spherical error; and 4) the mixed model with random person
and firm effects and an unstructured within-match residual covariance W. Mixed model
estimates are presented both with and without the truncation correction.®® In the case of the
fixed model, the reported “variance components” are the calculated variance of the estimated
person and firm effects. The estimated variance components have a fairly straightforward
interpretation. Conditional on all other effects, a one standard deviation increase in the
value of the person effect ; increases real annualized earnings by o, log points. Similarly,
employment at a firm with an estimated firm effect one standard deviation above the mean
increases real annualized earnings by o, log points.

The first thing to note in Table 3 is that applying the truncation correction induces
virtually no change in the estimated variance components.*® This is perhaps not surprising,
given that selection bias is frequently found to be quite small in earnings data. The second
item of note is that in each of the models, the variance component associated with the

and simple random samples who were not employed in that year.

39T have not applied the truncation correction to the fixed model. Doing so would require computing
realized random effects éi and 7; for each worker and firm in the full analysis sample (about 10 million
effects total). Although this is technically feasible, it is extraordinarily demanding from a computational
standpoint. I leave this exercise for future research.

40Gtandard errors of the estimated variance components are very small. Thus, some of the differences
between parameter estimates with and without the truncation correction are statistically significant at con-
ventional levels. However, it is difficult to argue that the differences are economically significant, given that
they are all in the 3rd decimal place.
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person effect (02) is considerably larger than the variance component associated with the
firm effect <‘7¢) That is, with respect to earnings, individuals are more heterogeneous than
firms. This is consistent with Abowd et al. (1999) and others, who find unobserved individual
heterogeneity to be a much more important determinant of earnings than unobserved firm
heterogeneity. In Table 3, the fixed model yields the largest estimate of o2 (0.290), but one
of the smallest estimates of 0 (0.077). These values are slightly larger than those estimated
by Abowd et al. (2002) for France and the State of Washington. The mixed model with
random person and firm effects and a spherical error also yields a fairly large estimate of o2
(0.23), though the estimate of O'i is twice that obtained under the fixed model. Relaxing
the mixed model specification to allow for a match effect or an unstructured within-match
residual covariance reduces the estimate variance of the firm effect to levels comparable to
the fixed model, and reduces the estimated variance of the person effect to around 0.175.
Under the most general specification (W unrestricted), a one standard deviation increase in
the value of the person effect increases earnings by 0.42 log points, and employment at a firm
whose 9, is one standard deviation above the mean increases earnings by 0.28 log points.

Table 3 also reports some measures of model fit. Not surprisingly, the mixed model
with the unrestricted within-match residual covariance obtains the best fit by all in-sample
measures (REML log-likelihood, AIC, BIC). To obtain a measure of out-of-sample fit, I solve
the mixed model equations (59) on Dense Sample 2, using the estimated variance components
G and residual covariance R estimated on Dense Sample 1. To facilitate comparison with
models estimated on earnings levels, the dependent variable is first scaled to have unit
variance (parameters are re-scaled accordingly). Having solved the mixed model equations,
I compute the variance of the estimated residuals, reported in Table 3 as the variance of out-
of-sample predication error. By this measure, the mixed model specification with a match
effect has the smallest out-of-sample prediction error; the mixed model with the unstructured
within-match residual covariance has the largest. This is perhaps not surprising, since the
latter model attributes more earnings variation to the residual than other specifications.

I test for the presence of a match effect in the mixed model with a spherical error. The
p-value for this test is extremely small (< 107'2) | so we reject the null of no match effect.
I do not test the match effect specification against the specification with W unrestricted,
since these are not nested hypotheses. The AIC and BIC statistics indicate the model with
W unrestricted fits the data better than the match effect specification.

Table 4 reproduces the information in Table 3 for models estimated on earnings levels.
To put the parameter estimates on a recognizable scale, the dependent variable is scaled to
have unit variance. Parameter estimates exhibit the same stylized facts as those obtained on
earnings logs: the truncation correction has very little influence on the estimated variance
components; the estimates of o2 are (much) larger than estimates of ofb; the estimate of
02 is largest under the fixed model; and relaxing the mixed model specification to allow for
a match effect or unstructured within-match residual covariance reduces the magnitude of
the estimated person and firm variance components. Under the mixed model with W unre-
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stricted, a one standard deviation increase in the value of the person effect «; increases real
annualized earnings by 0.63 standard deviations (about $32,500 1990 Dollars). Employment
at a firm with a value of ¢, one standard deviation above the mean increases real annual-
ized earnings by 0.21 standard deviations (about $10,600 1990 Dollars). Clearly, unobserved
individual heterogeneity is a much more important determinant of earnings variation than
unobserved firm heterogeneity. Nevertheless, the effect of unobserved firm heterogeneity is
economically significant.

As in Table 3, the mixed model with unstructured W obtains the best fit to earnings levels
using in-sample measures, and the worst fit using out-of-sample measures. Once again, the
mixed model with a match effect and spherical error has the smallest out-of-sample prediction
error. However, on the unit variance scale, the prediction error is nearly twice that obtained
in the log specification. It is no surprise that the linear model fits the logarithm of earnings
better than it does earnings levels.

Tables 5 and 6 present information comparable to that in Tables 3 and 4 under a variety of
alternate within-match residual covariance structures. The estimated variance components
are comparable to those in Tables 3 and 4. Not surprisingly, none of these more parsimonious
models fit as well as the specification with W unrestricted. On earnings logs, the ARMA(1,1)
specification obtains the next best fit using in-sample measures. This suggests shocks to log
earnings contain both permanent and transitory components, which is at odds with the
learning model of Section 2. I perform REMLRTSs of the ARMA(1,1) specification against
the ARMA(1,0) and ARMA(0,1) null hypotheses. In each case, I reject the null at the 1
percent level. The AR(2) specification gives the best fit to earnings levels. Unlike the case
of log earnings, this suggests that earnings shocks are permanent, and is consistent with the
learning model. On the basis of a REMLRT, I reject the null of an AR(1) residual versus
the AR(2) hypothesis.

Tables 7-10 present correlations among the estimated effects for the specifications pre-
sented in Tables 3 and 4. Similar correlation tables for models with the alternate residual
covariance structures presented in Tables 5 and 6 are available from the author on request.
Table 7 presents correlations for models estimated on log earnings, without the truncation
correction. There is only slight variation across specifications. Of the estimated effects, the
pure person effect 6; is most highly correlated with log earnings: between 0.74 and 0.83,
depending on the specification. The portion of ; corresponding to unobserved heterogeneity
(a;) is much more highly correlated with earnings than the observable component (u;n). Cor-
relations between the firm effect and log earnings are considerably lower: between 0.45 and
0.54 depending on the specification. The match effect is highly correlated with log earnings
(0.62) in the specification that includes one.

Recall that the matching model predicted a positive correlation between the pure person
effect 0; and the pure firm effect ¢;. In the fixed model and the mixed model with no match
effect and a spherical error, there is a small positive correlation between 6¢; and v, (about
0.03). When the mixed model is relaxed to allow for a match effect or an unstructured
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within-match residual covariance, the correlation between 6; and v, increases markedly to
around 0.22. This is consistent with the matching model’s prediction that larger values of
0; and 1), are associated with longer job duration. It is also consistent with conventional
wisdom that “good” workers sort themselves into “good” firms.

Table 8 presents correlations among estimated effects for the mixed model specifications
after correcting for truncation. Once again, correcting for truncation has little effect on the
results. The truncation correction term (,\;; is positively correlated with earnings (0.235
in all specifications), exhibits a small positive correlation with 6; (about 0.1), and a small
negative correlation with v, (between -0.004 and -0.06 depending on specification).

Tables 9 and 10 reproduce the information in Tables 7 and 8 for models estimated on
earnings levels. Again, there is little change in the estimates when correcting for truncation.
The person effect exhibits a slightly higher correlation with earnings levels than with logs;
the reverse is true for the firm effect. In the fixed model, the correlation between 6; and
t; remains small and positive. In all the mixed model specifications, including the model
with no match effect and a spherical error, the correlation between 6; and 1; is quite strong:
between 0.17 and 0.27 depending on the specification.

5.1.2 The Continuation Probit

Table 11 presents parameter estimates in the probit model used to correct for truncation.
The longest observed tenure in Dense Sample 1 was 21 years.*! Thus the dependent vector
dij is a (21 x 1) vector of employment outcomes, where the 7" entry takes value 1 if the
individual ¢ was employed at firm j at tenure 7, and zero otherwise.*? The residual variance
term V] corresponds to the first 10 years of job tenure; V5 corresponds to job tenure between
11 and 21 years. The estimates of V; and V5 are reported on the scale of the data d;j. Though
Vi and V5 are rather crude estimates of terms in the martingale covariance V, they have the
property V5 > Vi predicted by the matching model.

The person effect ¢, was not identified for 28 percent of individuals in Dense Sample 1.
This situation arose when an individual only held one job in the sample period, and the
job spell was right-censored. In these cases, the person effect was restricted to equal the
unconditional mean of (; (zero).

Unlike the models estimated on earnings data, the variance component o2 associated
with the firm effect in the probit equation is much larger than the variance component ag
associated with the person effect. This suggests that firms exhibit greater heterogeneity in
their separation policies than workers do.

410nly ten years of earnings data are used in the estimation. In one state, the data series is longer.
Consequently, in that state there are individuals with (true) tenure values in excess of 10 years (maximum
value 14 years). Other cases where tenure exceeds 10 years are due to the tenure imputation on left-censored
job spells.

“2Entries in d;; that corresponded to years outside the sample period 1990-1999 were set to missing. The
estimation algorithm treats the missing observations as missing at random. See Rubin (1976) for a definition.
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5.2 Testing the Martingale Hypothesis

I perform a formal test of the matching model’s predictions for the within-match residual
covariance on the mixed model estimate of the unstructured residual covariance W. Estimates
of W are presented in Tables 12-15. Table 12 presents the estimate of W obtained on log
earnings without correcting for truncation. Estimates in Table 12 exhibit a number of the
properties of the martingale covariance structure overlaid with classical measurement error
given in (61): in each column, the diagonal elements are larger than the off-diagonal elements;
and elements increase in magnitude from left to right within a row. However, the martingale
structure also implies that off-diagonal elements within a column should be equal. They are
clearly not. Moving from lower-order to higher-order covariances, the elements in Table 12
consistently decline. This is consistent with the ARMA(1,1) specification that fit these data
well.

Table 13 presents the estimate of W obtained on log earnings after correcting for trunca-
tion. Once again, there is little difference between the estimates obtained with and without
the truncation correction. A casual comparison of Tables 12 and 13 suggests that there is
less within-column decay in the autocovariances corrected for truncation than without the
correction.

In Tables 14 and 15 I present estimates of W obtained on earnings levels, with and
without correcting for truncation. They are virtually identical. Once again, on a casual
level the estimates are consistent with the structure implied by the learning process. The
diagonal elements are larger than off-diagonal elements within a column. Elements increase
in magnitude from left to right within each row. Unlike the estimates obtained on earnings
logs, there is little decline moving from lower-order to higher-order autocovariances, which
is consistent with the martingale structure. This is particularly true for the first 10 years of
tenure.

I formally test the martingale covariance structure predicted by the matching model by
fitting (13) and (61) to estimates of W by equally weighted minimum distance (EWMD).
Table 16 presents the resulting estimates of structural parameters and p-values from the chi-
squared test of over-identifying restrictions.*® Recall that the structural parameters 2, o2,
o2, and o2 are only identified up to a factor of proportionality: the square of the bargaining

43Rubin (1987) provides formulae for combining statistics with chi-squared distributions obtained on
multiply-imputed data. Let d,, denote the test statistic from the m'* implicate, with an asymptotic Xi
distribution. Let M denote the number of implicates, and let SZ denote the simple variance of the statistics
dyy,. Define
: (1432
T'm = —— — 1/2 (69)
2d,, + (4d2, — 2ks?)

and
b= (M—-1) 1+ (70)

The quantity 7, is a method of moments estimator of the relative increase in variance of the test statistic

38



strength parameter . The estimates in Table 16 are presented on the scale of the data, i.e.,
for § = 1. They can be re-scaled to other values of 0 < 0 < 1 quite easily: the re-scaled
parameter 52 is 62 = 02/

The first column of Table 16 presents the results obtained on log earnings. Given that
estimates of W obtained with and without the truncation correction were virtually identi-
cal, it is no surprise that the minimum distance estimates are almost identical also. The
estimated variance of measurement error (¢2) and variance of match quality (02) are both
approximately 0.05. This is about the same magnitude as the variance of the firm effect in
this model. The variance of the initial signal of match quality (¢2) and of production out-
comes (0?) are considerably smaller: 0.02 and 0.01, respectively. This implies learning about
match quality is very rapid. Figure 3 plots the estimated posterior variance of beliefs about
match quality (s2) at each tenure. Upon receipt of the initial signal z;;, the posterior vari-
ance drops from the prior level (02 = 0.05) to less than 0.02; after observing one production
outcome it drops below 0.01. However, these results should be viewed cautiously, since the
p-value of the x? test of overidentifying restrictions is 0.0014. Though the log specification
is only an approximation to the matching model, this is nevertheless quite strong evidence
against the martingale prediction of the matching model.

Column (2) of Table 16 presents results estimated on earnings levels. The estimated
variance of match quality is quite large: about 0.36, which is more than a third of the
variance of annual earnings. The estimate of o2 (6.77) indicates the initial signal of match
quality conveys little information. However, learning is quite rapid once production outcomes
are observed: the posterior variance of beliefs drops below 0.2 after observing one production
outcome, and is about 0.1 after two (see Figure 4). On the basis of the p-value from the
X2 test (0.0012), we are inclined to reject the martingale hypothesis. However, recall from
Tables 14 and 15 that for the first 10 years of tenure, the casual inspection indicated W was
highly consistent with the martingale structure. In column (3) of Table 16 I present results
estimated on only the first 10 rows and columns of W. Unlike estimates obtained using
the full 21 years of tenure data, these indicate that the variance of match quality is quite
large (0.733) and that learning about match quality is quite slow (see Figure 4). Without
the truncation correction, the p-value of the x? test is 0.1447. Thus we cannot reject the
martingale hypothesis implied by the matching model at even the 10 percent level. After
correcting for truncation, the p-value falls to 0.0764 and we cannot reject the martingale
hypothesis at the 5 percent level. Though far from conclusive evidence in favor of the
matching model, these results certainly provide some support to the martingale hypothesis.
However, they also raise the possibility that imputing initial tenure for left-censored job

due to nonresponse. The test statistic

7m7M—17¢,
ﬁm:k’iw 71
T+ o (1)

has an asymptotic F' distribution with & and (1 + kfl) 0/2 degrees of freedom.
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spells may be the source of some inconsistencies between the data and the matching model.
All tenure observations in excess of 14 years, and most in excess of 10 years, are the result
of the imputation.** I will address this issue more fully in a subsequent version of this paper
by re-estimating W using only jobs that are not left-censored.

5.3 Additional Predictions From the Matching Model

Thus far we have seen several predictions of the matching model confirmed in the LEHD data:
an earnings specification linear in person and firm effects fits the data very well; we observed
a positive correlation between the estimated person and firm effects; and limited evidence in
favor of the martingale hypothesis. Though the matching model predicted the distribution of
earnings residuals is truncated, this appears to have little influence on parameter estimates.
I now address two other predictions: that higher values of 6; and 1; should on average be
associated with longer job duration, and that larger firms should have larger estimated firm
effects.

To address the first of these predictions, I fit a fourth-order polynomial in job duration to
the estimated person and firm effects. Right-censored spells are excluded from the regression.
I focus on the effects estimated in the mixed model with the unstructured within-match
residual covariance. Results from the other specifications are very similar. Figures 5 and 6
present the fitted curves. As the matching model predicted, higher values of §; and ¢; are
associated with longer duration. This is true on both logs and levels, with and without the
truncation correction. The profile is much steeper for the person effect than for the firm
effect. This is consistent with the much greater variation in 6; than ;.

To address the second prediction, I fit a fourth-order polynomial in the natural logarithm
of the 1997 employment to the estimated firm effects. Again, I focus on firm effects esti-
mated in the mixed model with the unstructured within-match residual covariance. Results
obtained on the other specifications are qualitatively the same. Figure 7 presents the fitted
curve. As predicted by the matching model, larger values of 1; are associated with larger
employment. The relationship is nearly linear for small and medium-size firms, and quite
convex among the largest firms.

6 Conclusion

I presented a matching model with heterogeneous workers, firms, and worker-firm matches.
The model generalizes the seminal Jovanovic (1979) model to the case of heterogeneous
workers and firms. The equilibrium wage is linear in a person-specific component, a firm-
specific component, and the posterior mean of beliefs about match quality. 1 showed that
the matching model has considerable predictions for empirical person and firm effects and

44Gee footnote 41.
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earnings residuals. I then developed a mixed model specification for the equilibrium wage
function that takes account of structural aspects of the learning process. I found considerable
support for the various predictions of the matching model in Ul wage data. The most
stringent test of the matching model, a test of the martingale hypothesis, proved inconclusive.

Conventional wisdom suggests that “good” workers sort themselves into “good” firms.
The matching model contains no explicit sorting mechanism. Nevertheless, it predicts that
given time, good workers sort themselves into good firms. This arises simply because matches
between good workers and good firms last longer than other matches. Agents need to enter
into a match to learn one another’s type. By sampling a number of employment relationships,
they eventually find a match worth pursuing. Empirically, the result is a positive duration-
weighted correlation between person and firm effects. The data support this prediction.

The empirical analysis demonstrates that unobserved worker and firm heterogeneity are
extremely important determinants of earnings. The estimated person and firm effects are
highly correlated with earnings; much more so than observable characteristics such as ed-
ucation and labor market experience. Together, they explain about 70 percent of earnings
variation. An important contribution of the matching model is that it yields an economic
interpretation of these effects. They reflect worker and firm productivity, adjusted for the
worker’s bargaining strength and the value of each agent’s outside option.

The paper suggests several fruitful areas for future work. One is to extend the match-
ing model to include aggregate productivity shocks. Another is to consider the case where
a worker’s productivity varies over time. Together, these amount to including a set of
time-varying covariates in the theoretical model. On the empirical front, it would be of con-
siderable value to refine the imputation of initial tenure for left-censored jobs. Relaxing the
covariance structure in the probit equation would also be a worthy endeavor. An alternative
would be to estimate a simultaneous duration model. This remains beyond the scope of
current computational methods, however.
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A Appendix: Omitted Derivations of Value Functions

A.1 The Value of Unemployment

[ begin by deriving the value of unemployment. Let Jy (a;) denote the expected present value
of wages of a worker of quality a; who was unemployed last period and who is about to draw
a match. In other words, Jy (a;) is the expected value of J[w (€2;;1)] before the match is
formed. That is, before the identity of the matching firm j is known, and before the signal
x;; is observed. Then

Jo(a;)) = Eo[l =Gy (mij)|wiji + U EyGh ()
+BEo [1 — Gy (my)] [1 — Ga (miz)] J [w (Qije)] + BUEY [1 — Gi ()] Gz (1)

_ / (1= Gy (myy) / / widF.dF.dF, + U, / G () dF,
48 [ 1= Gy mo)) 1 = Gamo)) [ [ 7w ()] AP,
+ﬁUz’/[1 — G (mij)] G2 (i) dF, (72)

which accounts for the possibility that the signal z;; is too low for the match to persist. Let
Q. = (ai,b;,0,s2). When w is linear in m;;, we can write

T
E()’wijl = ///wijlszchde

_ / w (20,) dF. (73)

When w is also independent of s2,

E()QUZ']'T w (Q?JT) de

w (QO ) dF;, for all 7 > 0.

i1

Il I
——
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Consequently when Conjectures 1 and 2 are true,

Ey[1 =Gy (my)][1 — G (m

z]2
- / [1 - G1 ( )] 1 - GQ // ZJQ szchde

w (Qij2)
_ / (1= Gy (m)] [1 — G (myy) / / +B[1— Gy ()] Eo [w (Quss)] | dF.dF.dF,
‘f‘ﬁGg (mw)U

= [ 1= Gy m] L= Ga i) w (98,) dFy
+8 [ 1= Gy (mo)) 1 = Ga ()] [1 = Ga )] [ [ Eod o () dF.dF.F:
40U [ (1= G (m)] (1 = Ga ()] G () dFi (74
Forward recursion on (72) gives:

T

Jo(ai) = 257_1/ () [T 11 = G, (my)] dF

+U; Y B / G, (mi)) 1:[ [1— G, ()] dF,. (75)
=1 s=1

Recall that U; is the value of the worker’s outside option — that is, the value of being
unemployed today and behaving optimally thereafter. Thus U; = h;+87Jy (a;)+ 6 (1 —7) U;
where m = L1m (u,v) is the worker’s probability of drawing a match. Using (75),

hi + B (307, 87" [w (99) TTiy [ = G (miy)] dFy)
L= B =m) =a 32, 57 [ Gr (i) [Ty [L = G ()] dFy

(76)

P =

A.2 The Value of a Vacancy

I now turn to the value of a vacancy. Let I, (b;) denote the expected present value of net
revenues from a match for a firm of quality b; before the identity of the matching worker ¢
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is known. Then

Iy (b)) = Eo[l —Gi(mi)] (g1 — wiji) + EoViGr (mig)
+BEy [1 — Gy (my)] [1 — Ga (myg)| T w (Qig2)] + BV Eo [1 — Gy (my;)] Gz (i)

_ / 1= Gy ()] / / (gi1 — wigy) dF.dF.dF, + V, / G () dF,
45 [ (1= Gum) = Ga (i) [ [ T ()] dF.dF.aF,
+5Vj/[1—G1 (mij)] G2 (i) dF, (77)

which reflects the possibility that the signal z;; is too low for the match to persist. Following
Section A.1, we can write

EOwijT = /’LU (Q?]T) dFa
_ / w (90,) dF, for all 7 > 0. (78)

and solve Il (b;) recursively to obtain

T

H[) (bj) = ZﬁT_l / [,U + a; + bj —w (ongl)] H [1 - GS (mZ])] dFa

A / G, (i) [[ [1 = Ga (i) dF. (79)

Recall Vj is the value of firm j’s outside option — that is, the value of a vacancy. Thus
Vi = —k; + B (b;) + B (1 — A\) Vj, where k; is firm j’s cost of maintaining a vacancy and
A= %m (u,v) is the probability of a given vacancy being filled. Hence,

Vo= BA (Z:i1 i / [,u +a; +bj—w (ngl)] [1- [1— G (my)] dFa) — k;
’ 1=B(1=X)=AX2, 8 [ G (mi) [Ti2; [1 — Gs (mi))] dF, '

(80)
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B Appendix: Omitted Proofs

Proof of Lemma 3. Note that each G, (;;) is a probability, so that G}, (m;;) € [0, 1] for
all p > 7. Now notice that A, is strictly decreasing in each G, (m;;) . Thus the lower bound
is given by

AijT|Gp(ﬁlij):1 Vp>1 — 1

and the upper bound by

Aijrlaymip=owp>r = 1+ Z g (81)
s=1+1
1
= 82
— (52)
[
Proof of Lemma 4. To simplify notation, let gs = G5 (M) r+5) for s =1,2,3, ... .
From the definitions in (28) and (29) — and without using Conjecture 1 or Conjecture 2,
define

s

Aijr = 1+ Z g H [1 =Gy (ijp)]

s=7+1 p=7+1
= 1+80—g)+ 8 1—g)(1—g2) + (1= g1) (1 = g2) (1 = g5) + ...
00 s—1
By = 1= Y B 7G(my) [] [1—Gp(mi)]
s=1+1 p=7+1

= 1-f8gq —52(1—91)92—53(1 —91)(1—!}2)93+---
Now define the terms

aozl
s

as, = BSH(l—gp) for s =1,2,3,...

p=1

so that A;;; = > o2 as. Similarly, define

b = 1

by = —fBq
s—1

bs = —B°gs H (1—g,) for s =2,3,4, ...
p=1
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so that Bjjr = > .o, bs. Now notice that

a = [B+b
az = [+ b+ by
az = [+ °by + Bby + b3

and so on, so that
as = ﬁs + ﬁs_lbl + 68_262 + 68_3173 + ...+ ﬁbs—l + bs

_ Z ﬁs_lbp
p=0

for s =0,1,2,3,... . Thus,

A = D D 57",
s=0 p=0
= 14 (B+bi)+ (8% + Bb1 + by) + (B + 3%y + Bby + by) + ...
= 1+8+8+8+. )+ (1+8+8+8+.)+b (1 +8+F+5+.) +...
1 by ba

= o3 1= 1=~
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C Appendix: The Dense Sampling Algorithm

In labor market data, observations are connected by a sequence of workers and firms. Workers
are connected to one another by a common employer. Firms are connected to one another
by a common employee. Connectedness is crucial for identifying worker and firm effects in
linear and mixed models of employment outcomes. The degree of connectedness depends
both on the number of connected groups in the data and their size. See Searle (1987) for
a statistical definition of connectedness. Abowd et al. (2002) discuss connectedness in the
context of labor market data.

This section describes an algorithm for sampling highly connected work histories from
longitudinal linked employer-employee data. The algorithm is designed to draw two disjoint
samples of predictable size. The disjoint samples can be used for independent model estima-
tion and validation. Of primary importance is the fact that the resultant samples have all
the statistical properties of a simple random sample of workers employed at a point in time.
Specifically, all such workers have an equal probability of being sampled. However, unlike
a (naive) simple random sample of workers, the algorithm guarantees that all workers are
connected to at least n > 1 others.

The basic idea is as follows. In a reference period, sample firms with probabilities that are
proportional to employment. Next, sample workers within firms, with equal (firm-specific)
probabilities. Roughly speaking, the probability of sampling a particular employee within a
firm is inversely proportional to the firm’s employment in the reference period. In a sample
of dominant jobs,*> the resulting probability of sampling any worker is a constant.

The samples’ characteristics are determined by three parameters: p € [0, 1] determines a
firm’s probability of being sampled; n € N determines the minimum level of connectedness
and a worker’s probability of being sampled within a firm; and m € [0,1] determines an
observation’s probability of being sampled into disjoint sample s € {1,2}. Sample s = 1 is a
100mpn percent random sample of workers; sample s = 2 is a 100(1 — m) pn percent random
sample of workers. When m = %, the disjoint samples are of equal size.

Let S denote the base sample from which the disjoint subsamples s will be drawn. Let ¢
be the reference period, and let N; denote firm j’s employment in ¢. The algorithm relies on
two assumptions:

Assumption 1 FEach worker i is employed at only one firm j = J (i,t) in t.

Assumption 2 All firms have employment N; > n in t.

Assumptions 1 and 2 are easily satisfied by imposing restrictions on the base sample S.
For example, restrict S to a sample of dominant jobs at firms with at least n employees in t.

45 A worker’s dominant job in a period is the employer at which he/she earned the most in that period. Each
individual has only one dominant job in each period. Technically, the algorithm requires that each individual
has only one employer per period. The dominant job restriction is a convenient way of guaranteeing this.
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Denote the probability that firm j is sampled into some s by 7 (j), and let 7 (j) =

min {1, pN;}. That is,
N 1 if Nj > pil
™) = { pN; if N; < p!

so that a firm’s probability of being sampled is proportional to employment in ¢.

Sampling Rule 1 If firm j is sampled in t, sample j into s = 1 with probability m; sample
J into s = 2 with probability (1 —m).

Denote the probability that firm j is sampled into s by 7, (7). Thus,

71 (j) = min{m,mpN;}
B { m if N; > pt
- mpN; if N; < p™!
m2(j) = min{l —m, (1 —m)pN;}
- { 1—m it N; >p!
N (1—=m)pN; if N <p!

Let n; = max {n,pnN;}. That is,

) pnN; it N; > pt

= { n if Nj<p! (83)

Sampling Rule 2 If firm j is sampled into s in t, sample n; period t employees of j into
s.

Together, Rule 2 and the definition of n; in (83) have several implications for the structure
of the dense sample. First, it is clear that in each sample s, each worker is connected to at
least n others: their fellow employees sampled from firm j in ¢. Consequently, increasing n
increases the minimum degree of connectedness in each sample. Second, as shown in Figure
8 the firm-specific sampling rate n;/N; is nonincreasing in firm j’s period ¢t employment N;.

Let 75 (i]j) denote the probability that worker 7 is sampled into s, given that j has been
sampled into s in ¢. This is

ms (ilj) = nN;'
B pn if N;>p!
Tleil if Nj < p_l

To determine an individual’s unconditional probability of being sampled, we need to
introduce some further notation. Let 7 (j]7) denote the probability that firm j is sampled
into s in ¢, given that employee i is sampled into s and j = J (4,t) . Assumption 1 implies
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7s (jli) = 1. Denote the unconditional probability that individual i is sampled into s by
7s (1) . By Bayes’ rule,
Ts (Z|]> Ts (])

.y (j|Z) = Ts (Z’])ﬂ's (])

s (1) =
so that
(i) — mpn if N; >p!
T = mpNjan_l if N; < p!
= mpn (84)
(i) — (1 —m)pn it N; >p!
LA (1—m) Ayz)]\fjn]\fj’1 if N <p!
= (1—m)pn (85)

A final Sampling Rule completely specifies the subsamples:
Sampling Rule 3 If i is sampled into s, sample i’s complete work history into s.

Equations (84) and (85) demonstrate that both subsamples s have the properties of a
simple random sample of individuals employed in t. That is, all individuals in S that are
employed in t have equal probability of being sampled into each s. Furthermore, Assumption
1 and Rules 1 and 2 guarantee that the samples are disjoint: 7, (i|i is sampled into s') = 0
for s,s' = 1,2 and s # §'. Finally, Rule 3 states that the subsamples consist of the complete
work histories (in S) of individuals sampled according to Rules 1 and 2.
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